Coherent states are required to form a complete set of vectors in the Hilbert space by providing the resolution of identity. We study the completeness of coherent states for two different models in a noncommutative space associated with the generalised uncertainty relation by finding the resolution of unity with a positive definite weight function. The weight function, which is sometimes known as the Borel measure, is obtained through explicit analytic solutions of the Stieltjes and Hausdorff moment problem with the help of the standard techniques of inverse Mellin transform.
Introduction
It is renowned that the coherent states are useful in different areas of modern science including quantum optics, atomic and molecular physics, mathematical physics, quantum gravity, quantum cosmology, etc, for further informations; see, for instance [1, 2] . Various generalizations of the Glauber coherent states have also become very popular in recent days giving rise to the possibility of constructing many new coherent states arising from various sophisticated mathematical backgrounds [3] [4] [5] [6] [7] . One of such prominent examples is the noncommutative space-time structure in the framework of generalised uncertainty principle, from which the existence of minimal length appears naturally [8] [9] [10] [11] . There have been plenty of investigations behind the applications and usefulness of coherent states emerging out of the models on the noncommutative space [12] [13] [14] . Furthermore, based on these coherent states, various nonclassical states have been constructed; such as, squeezed states [15] , Schrödinger cat states [16, 17] , photon added coherent states [18] and their squeezing and entanglement properties have been studied. However, the mathematical completeness of such coherent states have not been studied before, which is important particularly to understand whether the coherent states are mathematically well-defined and can be utilized for the description of concrete physical systems.
The purpose of this article is to fill in this gap by finding the exact analytical expression for the positive definite Borel measure, such that the coherent states satisfy the required condition of resolution of identity. For this purpose, we mainly follow [19] [20] [21] to associate our problem with the existing techniques of Stieltjes and Hausdorff moment problem and compute the inverse Mellin transforms corresponding to our systems, which yield the precise expressions of the Borel measure. The article is organised as follows: In Sec. 2, we introduce the basic notions of the generalised and nonlinear coherent states, as well as, the moment problem associated with them to identify the resolution of identity. In Sec. 3, we implement the existing framework as described in Sec. 2 to study the completeness relation for the coherent states in noncommutative space for two different models, namely, the harmonic oscillator and the Pöschl-Teller. Our conclusions are stated in Sec. 4.
Nonlinear coherent states and resolution of identity
We commence by revisiting the basic notions of nonlinear coherent states for the purpose of referencing. Nonlinear coherent states for Hamiltonians H with discrete bounded below and nondegenerate eigenvalues, E n = ωe n = ωnf 2 (n), are defined as follows [5, 6, 22] |α, f = 1
where α ∈ C and, the normalisation constant can be computed from the requirement α, f |α, f = 1 as given by
In fact, nonlinear coherent states are the generalised versions of the Glauber coherent states [23] for the models corresponding to the generic function of the number operator f (n). Note that, the term nonlinear is not associated with the mathematical nonlinearity anyway, but it is because of its appearance in nonlinear optics. Mathematically the vectors |α, f in (2.1) are well-defined in the domain D of allowed |α| 2 for which the series (2.2) converges. The range of |α| 2 , 0 < |α| 2 < R, is determined by the radius of convergence R = lim n→∞ √ ρ n , which may be finite or infinite depending on the behaviour of ρ n for large n. Therefore, a family of such coherent states (2.1) is an overcomplete set of vectors in a Hilbert space H, labelled by a continuous parameter α which belongs to a complex domain
To be more precise, since |n forms an orthonormal basis in the Hilbert space H and, let, e n be an infinite sequence of positive numbers, with e 0 = 0, then the vectors |α, f must satisfy the resolution of identity (completeness relation) with a weight function Ω
By considering α = re iθ , the left hand side of Eq. (2.3) turns out to be 5) such that one ends up with an infinite set of constraints 6) for which the completeness relation (2.3) holds. Therefore, one can construct the coherent states (2.1) for any models corresponding to a known f (n), provided that there exists a measure Ω(t) which satisfies (2.6). The explicit expression of the measure can be found, first, by associating (2.6) with the classical moment problem, where ρ(n) > 0 are the power moments of the unknown function Ω(t) > 0 and, subsequently, by carrying out the integration by using the standard techniques of the Mellin transforms [24] . For more details in this context, we refer the readers to [19, 21, 25, 26] . For Glauber coherent states, i.e. for f (n) = 1, ρ n = n!, the moment problem (2.6) becomes
so that one can easily identify the measure, Ω(t) = e −t . For SU (1, 1) discrete series coherent states [3] , ρ(n) = n!Γ(2j)/Γ(2j + n) and, the corresponding measure is given by
where Ω(t) is supported in the range (0, 1), with j = 1, 1/2, 2, 3/2, 3.... In case of the Barut Girardello coherent states [27] , ρ(n) = n!Γ(2j + n)/Γ(2j) and, the associated measure is given by the modified Bessel's function of second kind as follows
where Ω(t) is supported in the interval (0, ∞). For more examples of different types of coherent states; see, [19, 28] .
Resolution of unity for coherent states in noncommutative space
In this section, we will construct the coherent states arising from the noncommutative space [8] [9] [10] , in which the standard set of commutation relations for the canonical coordinates are replaced by the noncommutative versions, such as
where the noncommutative observables X, P are represented in terms of the standard canonical variables x, p satisfying [x, p] = i .τ = τ /(mω ) has the dimension of inverse squared momentum and τ is dimensionless. The above framework (3.1) is fascinating by itself, because it leads to the generalised version of the Heisenberg's uncertainty relation [8] followed by the existence of minimal lengths [9, 10] , which are one of the major findings of the string theory. Let us now discuss some concrete models in the given structure.
Noncommutative harmonic oscillator
We consider a one dimensional harmonic oscillator
defined on the noncommutative space satisfying (3.1). Here, the ground state energy is conventionally shifted to allow for a factorisation of the energy. The energy eigenvalues of (3.2) were computed in [8, 10] by following the standard techniques of the Rayleigh-Schrödinger perturbation theory to the lowest order, as follows
Correspondingly, by following (2.1) the nonlinear coherent states are computed as
In order to verify that the states (3.4) are mathematical complete and well-defined in the Hilbert space, one needs to find out the existence of the positive definite Borel measure Ω(t) satisfying the constraint (2.6) as follows 5) with A(n) = (τ /2) n , B(n) = Γ(n + α + 1)Γ(n + β + 1) and α = 0, β = 1 + 2/τ . For the purpose of the computation of Ω(t) from (3.5) let us now briefly discuss some technicalities. First, we find the inverse Mellin transforms of the two functions A(n) and B(n) separately, i.e.
with
where K α (x) denotes the modified Bessel function of second kind. Then, we utilize the composition formula [20] to find the inverse Mellin transform for the composite system as given by
which when replaced in (3.5), we obtain the accurate expression of the Borel measure Ω(t) as follows
A Pöschl-Teller model in noncommutative space
Let us now consider another interesting Hamiltonian based on the noncommutative space satisfying (3.1)
Although the model (3.13) does not belong to a familiar class of models, however, it is very interesting as it leads to the well-known Pöschl-Teller potential when the noncommutative observables are represented in terms of the standard canonical variables by using (3.1). Therefore, one can describe the model as a noncommutative version of the Pöschl-Teller model, although the Hamiltonian (3.13) can not be viewed as a deformation of a model on standard commutative space in the sense that it does not reduce to the usual Pöschl-Teller model in the commutative limit τ → 0. For further details on the model; see [11] , where the eigenvalues of the corresponding Hamiltonian were computed in an exact manner as given below
14)
The corresponding nonlinear coherent states can be computed by following (2.1) with
Note that, the form of ρ n in (3.15) is very similar to the case of harmonic oscillator as in (3.4) and, thus, we follow the similar procedure as discussed in the previous section to calculate the explicit expression of the measure
Conclusions
Coherent states in noncommutative spaces related to the generalised uncertainty relation have found to be interesting and useful for many different purposes [12] [13] [14] [15] [16] [17] [18] . However, it was necessary to find out their resolution of identity by computing the weight functions associated with them to show the mathematical completeness of the corresponding models. In this article we study the missing link by finding the completeness relations of coherent states for the harmonic oscillator and the Pöschl-Teller model based on the noncommutative structure. We compute exact analytical expressions for the weight functions through the solutions of Stieltjes and Hausdorff moment problem for the two cases and show that the coherent states in noncommutative space are, indeed, mathematically well-defined and form a complete set of vectors in the Hilbert space. Evidently, there are many interesting open challenges left which will directly follow our results. By utilizing the Hankel determinant method, or any other existing mechanism in the literature [26, [28] [29] [30] one may study the orthogonal polynomials, which are associated with our coherent states. The investigation may end up with some known orthogonal polynomials, or some fascinating q-orthogonal polynomials. However, because of the sophistication of our structure, the outcome may bring more exciting possibilities of constructing some new orthogonal polynomials out of our systems.
